We study the coupling between collective variables of atomic spin and light polarization in an ensemble of cold 87 Rb probed with polarized light. The effects of multiple hyperfine levels manifest themselves as a rank-2 tensor polarizability, whose irreducible components can be selected by means of probe detuning. The D1 and D2 lines of Rb are explored and we identify different detunings which lead to Hamiltonians with different symmetries for rotations. As possible applications of these Hamiltonians, we describe schemes for spin squeezing, quantum cloning, quantum memory, and measuring atom number.
I. INTRODUCTION
The pursuit of quantum networks has recently led to much interest in developing an efficient quantum interface between atoms and light, where the first are a good medium to store and process information, and the latter is a good means to transport information over long distances.
There has recently been much interest in coupling light with atomic ensembles to develop such a quantum interface. Several proposals have been published to utilize this kind of coupling for spin squeezing [1, 2, 3, 4] , quantum memories [5] , entanglement [6, 7] , quantum teleportation [7, 8] , and magnetometry [9] . Many of these proposals have been realized experimentally using samples of alkali atoms in vapor cells and in magneto-optical traps (MOT) [10, 11, 12, 13, 14, 15, 16] .
The use of alkali metals for the above atom-light interactions has made it possible to access rich hyperfine systems, where the tensor polarizability plays a significant role. There have been several recent studies on the effects of the rank-2 tensor polarizability terms of alkali metals and their application to quantum state preparation and control [17, 18] , atom-light entanglement [6] , continuous measurement of spin [19] , and squeezing of an atomic alignment [20] .
In the present paper, we describe the coupling between collective variables of atomic spin and light polarization in a cold 87 Rb ensemble, including effects of multiple hyperfine levels, which manifest as a rank-2 tensor polarizability. We show how the rank-1 or rank-2 terms of the polarizability tensor can be chosen to prevail over the other, leading to Hamiltonians with different symmetries for rotations. As an example, we describe some possible applications of these Hamiltonians, such as measuring atom number, spin squeezing, quantum cloning, and quantum memory, all of which can play an important role in quantum information processing. This analysis is also applicable to other alkali metals, where the polarizability behaves in a similar way, and combinations of the alignment tensor and orientation vector can be used as atomic variables.
This article is organized into four sections. Section II describes the rubidium system under consideration, as well as the polarizability and Hamiltonian derived from it. In Sec. III we show how different Hamiltonians with different symmetries can be constructed from the tensor polarizability and how these Hamiltonians can be used for several applications. Finally, we present the conclusions in Sec. IV.
II. POLARIZABILITY OF RUBIDIUM ATOMS
We consider an ensemble of cold 87 Rb atoms interacting with a polarized probe field tuned to the D 1 or D 2 lines of rubidium and travelling in the z-direction. The Hamiltonian describing this interaction can be written as [6, 21, 22] 
whereÊ (±) is the rotating/counter-rotating term of the probe electric field operator andα F,F ′ is the atomic polarizability between a hyperfine ground state F and a hyperfine excited state F ′ .
The atomic polarizability is a rank-2 spherical tensor operator that can be decomposed into three irreducible componentsα
Hence, the interaction Hamiltonian (1) can be written in terms of these irreducible components aŝ
We will center our attention at the dispersive properties of this interaction, away from any resonances that may cause decoherence through absorption. For the case of rubidium atoms prepared in the |F = 1, m = ±1 ground states, it has been shown [19, 23] that this Hamiltonian can also be expressed in terms of the collective atomic pseudo-spin operatorsĴ
whereN is the atom-number operator,F i,k is the ith component of spin operator corresponding to the kth atom, and the sum is over all atoms; and the Stokes operatorsŜ describing the polarization of the probe field
whereâ † ± (â ± ) are the creation (annihilation) operators of the σ ± modes of the field. The Hamiltonian then takes the formĤ
where g is the form factor of the probe electric field [24] , and
with δ F F ′ being the Kronecker delta, J = 1/2 (J ′ = 1/2, 3/2) the total electronic angular momentum of the ground (excited) state, I = 3/2 the nuclear spin of the atoms, Γ the spontaneous decay rate of the excited state, ∆ F,F ′ the detuning of the probe from the transition F → F ′ , and λ the transition wavelength. In Eqs. (6a) and (6c), the termŜ 0Ĵ0 represents a global energy shift, and will be ignored for the rest of the paper. Figure 1 shows a numerical calculation of the different tensor polarizability components (7) for the D 1 (FIG. 1a) and D 2 (FIG. 1b) lines of rubidium as a function of detuning from the F = 1 → F ′ = 1 and F = 1 → F ′ = 0 transitions, respectively. It can be seen in these plots that different ranks of the polarizability are dominant on different ranges of the detuning, particularly on the D 2 line. This leads to different rotational symmetries for different values of the detuning, as will be explained in the following Section.
It can also be seen ( see FIG. 2 ) that the ratio between the rank-1 and rank-2 components of the polarizability grows with the detuning, exhibiting a dispersive-like behavior at the resonant frequencies and on the D 2 line at ∆ 1,0 = 501.7 MHz, where the rank-2 polarizability crosses zero. The asymptotic rate of growth is ∼ 5 GHz (1) = ±α (2) , α (1) = 0 and α (2) = 0 respectively, and will be discussed in more detail in the following section.
III. HAMILTONIAN ENGINEERING
The frequency dependence of the polarizability can be used to engineer Hamiltoniansà la carte, i.e. by selecting a range of detunings where α (1) or α (2) is predominant, one can choose between the HamiltoniansĤ respectively, which exhibit different rotational symmetries.
A. Symmetries of the Hamiltonian
As mentioned above, the Hamiltonian of Eq. (6) may have different symmetries for rotations R depending on the values of α (1) and α (2) , where R is an element of the group of rotations generated byŜ i +Ĵ i . In the case of α (1) = α (2) = α, this Hamiltonian will take the form
which is rotationally invariant, and thus has full rotational symmetry. The condition α (1) = α (2) necessary to obtain this Hamiltonian is achieved at a detuning ∆ 1,0 = 458 MHz on the D 2 line (labelled A in FIG. 2b ) [33] . It is also possible to obtain α (1) = −α (2) at ∆ 1,1 = −408 MHz on the D 2 line, but in this case the Hamiltonian isĤ I ∝Ŝ xĴx +Ŝ yĴy −Ŝ zĴz . However, in terms of the angular momentum variablesJ ≡ (−Ĵ x ,Ĵ y , −Ĵ z ), S ≡ (Ŝ x , −Ŝ y , −Ŝ z ), this has also the form of Eq. (8). Thus, full rotational symmetry also holds for this condition, but for a slightly different description of the spin and polarization variables.
In the case that the rank-1 polarizability vanishes, the Hamiltonian will take the form of Eq. (6c)
which in this case is invariant for rotations about z. The condition α Conversely, in the case of α (2) = 0, the Hamiltonian will be that of Eq. (6b), which exhibits symmetry for rotations about z. A detuning of ∆ 1,0 = 502 MHz on the D 2 line (labelled C in FIG. 2 ) is needed to fulfill this condition exactly. However, due to the fact that the ratio α
(1) /α (2) grows with the detuning, it is also possible to have α (1) ≫ α (2) at sufficiently large detunings and approximate the Hamiltonian in (6b).
B. Applications of the Hamiltonian
These Hamiltonians could be used for numerous applications, some of which we describe in the following subsections. Note that there are several practicable ways to prepare these Hamiltonians, as a consequence of the symmetries explained in the previous subsection. However, for simplicity, here we only describe one of such feasible preparations.
Atom-number measurement
One of the possible Hamiltonians to prepare is that for atom-number measurement. The pseudo-spin is prepared in its x-component, i.e. Ĵ x = Ĵ 0 , Ĵ y = 0, Ĵ z = 0; and the polarization of the probe in its z-component, i.e.
Ŝ z = Ŝ 0 , Ŝ x = 0, Ŝ y = 0. The probe is also tuned where α (1) = 0 (labelled B in FIG. 2 ) [35] , to obtain the effective Hamiltonian of Eq. (9) H eff = 2gα (2) Ŝ xĴx +Ŝ yĴy . In the Heisenberg picture and to first order, this Hamiltonian will rotateŜ z intoŜ y proportionally toĴ x , which is in turn proportional to the number of atoms. That iŝ
where we have only kept the non-zero classical terms. Hence, by measuring the rotation intoŜ y , one can measure the number of atoms.
It is important to note that due to the fact that this Hamiltonian is rotationally invariant about z, it is possible to prepare the pseudo-spin in any direction on the xy plane and measure the rotation of the polarization into the orthogonal direction.
Spin squeezing and atom-light entanglement
It is also possible to produce the well-studied QND Hamiltonian employed for spin squeezing [2, 3, 11, 23] and atom-light entanglement [6] . In this case, Ĵ x = Ĵ 0 and Ŝ x = Ŝ 0 will be prepared, and the probe will be tuned to a region of predominant α (1) and vanishing α (2) (labelled C in FIG. 2) , away from any transitions to avoid scattering. The D 2 line is more favorable for this application, as the ratio α (1) /α (2) grows faster with detuning. For a detuning large enough, scattering and the rank-2 polarizability can be neglected, producing an effective Hamiltonian [36]
To first order, this Hamiltonian will produce the following input/output relationŝ
whereĴ z is mapped ontoŜ y andŜ z is mapped ontoĴ y , entangling atoms and light [6] . Furthermore, since the z-components are unchanged owing to the symmetry of the Hamiltonian, this interaction can be used to perform a QND measurement of such components. If the initial spin state was prepared in a minimum uncertainty state (coherent spin state), then this QND measurement will reduce its uncertainty below the projection-noise limit, producing spin squeezing.
Quantum cloning
Choosing the initial polarizations Ŝ z = − Ŝ 0 and Ĵ z = Ĵ 0 , and a detuning where the rank-1 polarizability vanishes (labelled B in FIG. 2) , it is possible to produce the two-mode squeezing Hamiltonian
where β = 2gα
are the light and atomic canonical variables respectively. In this configuration, the ensemble acts as a phaseinsensitive amplifier for the light, and vice versa. In fact,
where the light variables are cloned on the atomic ones, and vice versa. An application in quantum communication is quantum cloning of gaussian states [25, 26, 27, 28, 29, 30, 31] . In that application, the light state is amplified and then split into two (approximate) clones, while the anti-clone remains in the state of the atoms.
Quantum memory
In the case that the rank-1 and rank-2 polarizabilities are equal, it is possible to obtain the Hamiltonian of Eq. (8), which will cause the spin and polarization vectors to precess around each other according to
These equations have the general solution
If we choose | Ĵ (in) | = | Ŝ (in) |, the spin and Stokes vectors will be exchanged after an interaction time τ = π /(2gα| Ĵ (in) +Ŝ (in) |), allowing for storage and retrieval of a quantum polarization state into and from the atomic spin.
Another way of realizing a quantum memory is to use a similar scheme to that of cloning described above. In this case, by choosing the initial polarizations Ŝ z = Ŝ 0 and Ĵ z = Ĵ 0 , and a detuning where the rank-1 polarizability vanishes (labelled B in FIG. 2) , it is possible to produce the Hamiltonian
where η = 2gα
are the light and atomic canonical variables respectively. The equations of motion for these variables will be [20, 32] 
where the light variables are mapped onto the atomic ones and vice versa. The read-out variables in this case will be negated with respect to the ones initially stored. Notice also that only the quantum variables can be stored and not the full vector, like in the previous case.
IV. CONCLUSIONS
We have described the coupling between collective variables of atomic spin and light polarization in a cold 87 Rb ensemble, including effects of multiple hyperfine levels. The polarizability for this kind of system takes the form of a rank-2 tensor. We have shown how the rank-1 or rank-2 terms of the polarizability tensor can be chosen to dominate over the other for different values of the probe detuning on the D 1 or D 2 lines, the latter showing a richer variety of points of interest. Using this feature of the polarizability, we have engineered Hamiltonians with different symmetries for rotations, which can have applications in schemes for measuring atom number, spin squeezing, quantum cloning, and quantum memory. These applications play an important role in quantum information processing, in particular, for atom-light quantum interfaces.
It is important to note that even though our analysis was centered on the interaction of light with a 87 Rb ensemble, it is still applicable to other alkali metals, where the polarizability behaves in a similar way, and combinations of the alignment tensor and orientation vector can be used as atomic variables.
